Abstract. In this paper, we study the decompositions of a graph G into edge-disjoint subgraphs all of which belong to a specified class of graphs .L et a(G; ) denote the minimum value of the total sum of the sizes of subgraphs in into which G can be decomposed, taken over all such decompositions of G. Let a(n; ) denote the maximum value of a(G; Y() over all graphs G with n vertices.
The bounds for a (n ) were found by F. R. K. Chung, P ErdSs and J. Spencer [2] ; namely, 2 2 n n <a(n; )<(l+e) logn'
(1 e)2elogn
for a given e and large n, where e 2.718....
A theorem of R. L. Graham and H. O. Pollak [6] asserts that for the complete graph K,, on n vertices, a.(K,; )=n-1.
It is easily seen that a graph on n vertices can be decomposed into n 1 stars. Thus, we have a.(n;)=n-1. Let * be the set of all bipartite graphs. It can be easily verified that and a(n; *) a(K,; *) a (K, ) a(n; 3), a, (n *) a, (Kn *) [ Let denote the class of all forests, (i.e., acyclic graphs). In this case a. (G, ) is usually called the arboricity of G (see [8] ). Nash-Williams [17] gives the following expression for a (G; It is immediate that a, (n ') a, (K, ') In/2].
Let " denote the class of all trees. F. R. K. Chung [1] showed that a, (n; ') In/Z]. Finally, we should mention the striking work of R. M. Wilson [18] who investigated the decomposition of the complete graph into subgraphs which are all isomorphic to a specified graph, i.e., the 
a(n;Y{)= max a(G; ff')= ln2/2j.
The only graph on n vertices satisfying a(G; if/') [n2/2j is the complete bipartite graph nn.
Proof. It is easy to see that the complete bipartite graph B, has the property that a(B,, Yg') [nZ/2J To prove a(n Y{') [n/2J, it suffices to show that for any graph on n vertices, we have (2) 
2e .
It is easily seen that the theorem holds for n 1 or 2. We may assume n -> 3, and for any graph H on rn vertices, rn < n, we have By the induction assumptions and (3), there exists a decomposition of G' into complete subgraphs, p of which are isomorphic to Ki, 2,. , n 1, such that n-1 (4) . .
where and xi denotes
We consider a decomposition P* of G consisting of the union of the preceding decomposition of G' and xi complete subgraphs isomorphic to K/I with v* as one of the vertices, 1 -< -< n.
The number of subgraphs in P* which are isomorphic to K is just p pl ""
We want to show that this choice of pi satisfies (3) . We have Thus, equality in (4), (5) and (6) In Case (b) we will prove a sequence of claims to establish that G is a complete t-partite graph, t-> 3. This will then show by Lemmas By the induction assumptions, there exists a decomposition of G" into complete subgraphs, p,'.' of which are isomorphic to K, 2,. , n -2, such that n-2 (11) 
where e"=lE(G")l=e'-,'-x and x denotes the cardinality of the set X which consists of all complete subgraphs on vertices in the maximal vertex decomposition P'= {M,..., M's } of L'.
We consider a decomposition of G' consisting of the union of P" and x complete subgraphs isomorphic to K / with w as one of its vertices, 1 _-< _<-8'. Let q denote the number of subgraphs in this decomposition of G' which are isomorphic to Ki. From (10) we have n-2 2e'-[(n 1)2/2J + 1 E qi(i-2). 2e'-a(G"; ffg')-t'-xi.
i__>l By the maximality of P', we have (12) 28 -(n 1)-<minimum degree in L '<-(i-1)xi.
i>_l Therefore we have (13) '> [(n 1) (9) and the maximality of P. Therefore we can show in a similar manner that for any vertex w with degree t' there exists a vertex w* with degree 8' in G', so that the n-1-8' vertices which are not adjacent to w* are of degree 8' in G' and w adjacent to w* in G'.
Let k be the size of V(M1). Then it can be easily seen that t' t k. We also note that any vertex in M has degree at least 8-I V(M)I in G'.
Since u has degree t' in G', there is a vertex rP which is adjacent to ul in G' such that all the n 1 t' vertices which are not adjacent to ff are of degree 8' in G. Since Proof. This follows from Claim 8 and the fact that the choice of v* is arbitrary. 1
